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Robust Time-Optimal Control of Uncertain Flexible Spacecraft

Qiang Liu* and Bong Wiet
Arizona State University, Tempe, Arizona 85287

A new approach for computing time-optimal open-loop control inputs for uncertain flexible spacecraft is
developed. In particular, the single-axis, rest-to-rest maneuvering problem of flexible spacecraft in the presence
of uncertainty in model parameters is investigated. Robust time-optimal control inputs are obtained by solving
a parameter optimization problem subject to robustness constraints. A simple dynamical system with a rigid-
body mode and one flexible mode is used to illustrate the concept.

I. Introduction

T HIS paper is concerned with the problem of computing
open-loop control inputs for flexible spacecraft, robotic

manipulators, and pointing systems in space, which are often
required to maneuver as quickly as possible without significant
structural vibrations during and/or after a maneuver.

A standard, time-optimal control approach to such a prob-
lem requires an accurate mathematical model and, thus, the
resulting solution is often sensitive to variations in model
parameters. For this reason, an open-loop time-optimal con-
troller is seldom used in practice. Consequently, the develop-
ment of a "robustified" open-loop approach for a rapid ma-
neuver without significant structural vibrations is of current
research interest.1"3 Other open-loop approaches4'6 attempt to
find a smooth continuous forcing function (e.g., a versine
function) that begins and ends with zero slope. The basic idea
behind such approaches is that a smooth control input without
sharp transitions is less likely to excite structural modes during
maneuvers.

In this paper, a new approach is developed for computing
time-optimal control inputs for the single-axis, rest-to-rest
maneuvering problem of flexible spacecraft in the presence of
structural mode frequency uncertainty. A parameter optimiza-
tion problem, where the objective function to be minimized is
the maneuvering time, is formulated with additional con-
straints for robustness with respect to structural parameter
uncertainty. The resulting robust time-optimal solution is a
multiswitch bang-bang control that can be implemented for
spacecraft equipped with on-off reaction jets.7 This result fur-
ther confirms that most open-loop approaches, which utilize a
smooth continuous control input so that structural modes are
less likely to be excited, do not fully utilize the available con-
trol energy in performing a robust time-optimal maneuver.

The paper is organized as follows. In Sec. II, the rest-to-rest
maneuvering constraints for multiswitch bang-bang inputs
are derived with some discussion on the previous results of
Refs. 8-10 on the number of switchings for the time-optimal
solution. The standard, time-optimal control problem is then
transformed into a constrained parameter optimization prob-
lem. In Sec. Ill, robustness constraints are derived and incor-
porated with the parameter optimization problem formulated
in Sec. II. A simple dynamical system with a rigid-body mode
and one flexible mode, shown in Fig. 1, is used to illustrate the

Received March 11, 1991; presented as Paper 91-2646 at the AIAA
Guidance, Navigation, and Control Conference, New Orleans, LA,
Aug. 12-14, 1991; revision received Aug. 25, 1991; accepted for pub-
lication Sept. 25, 1991. Copyright © 1991 by the American Institute
of Aeronautics and Astronautics, Inc. All rights reserved.

*Graduate Research Assistant, Department of Mechanical and
Aerospace Engineering. Student Member AIAA.

tAssociate Professor, Department of Mechanical and Aerospace
Engineering. Associate Fellow AIAA.

concept, and the robust time-optimal solution for a case with
a single two-sided control (case 1) is discussed. In Sec. IV, the
same example with two one-sided control inputs (case 2) is
further investigated.

II. Time-Optimal Rest-to-Rest Maneuver
Problem Formulation

Consider a linear model of flexible spacecraft described by

MX + Kx = Gu (1)

where x is a generalized displacement vector, M a mass matrix,
K a stiffness matrix, G a control input distribution matrix, and
u a control input vector.

In this section, we consider a case with a scalar control input
u ( t ) bounded as

- 1 < u < 1 (2)

Equation (1) can be transformed into the decoupled modal
equations:

y\-
y-i-

yn -

(3)

where yf is the /th modal coordinate, w/ the /th modal fre-
quency, <t>{ the /th modal gain, and n the number of modes
considered in control design.

The problem is to find the control input that minimizes the
performance index

j=
subject to Eqs. (2) and (3) and given boundary conditions.

The time-optimal control problem of a linear controllable
system has a unique solution, which is bang-bang control with
a finite number of switches.10 For a spring-mass dynamical
system with n degrees of freedom, the time-optimal bang-bang
solution for a rest-to-rest maneuver has, in most cases,
(2n - 1) switches,8-9 and the solution is symmetric about tf/2.
That is, for a case with (2n - 1) switches, we have

where t2n = //.
A bang-bang input with (2/2-1) switches can then be repre-

sented as

« ( / )= i,BjU5(t-tj) (5)
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where Bj is the magnitude of a unit step function us(t) at (/.
This function can be characterized by its switch pattern as

T=[tQ, / , , /2, • • ' , *2i,)

where 5 represents a set of Bj with #0 = B2n = ± 1 and Bj= ±2
for y = 1, • • • ,2« - 1; T represents a set of switching times
(ti,--,t2n-i) and the initial and final times (t0 = Q and
tf= tin)-

Rest-to-Rest Maneuver Constraints
Consider the rigid-body mode equation with coi = 0

y\ = <l>\u (6)

with the rest-to-rest maneuvering boundary conditions

(7)

Substituting Eq. (5) into Eq. (6) and solving for the time
response of the rigid-body mode, we get

7 = 0
(8)

The rest-to-rest maneuvering constraint for the rigid-body
mode can then be written as

7=0
(9)

Consider now the structural modes described by

.y/ + a>?.y/ = 0 /M; i =2, • • • , / ! (10)

with the corresponding boundary conditions for the rest-to-
rest maneuver:

>>/(0) = 0, yt(tff) = 0

>,(()) - 0, yt(tf) = 0
(11)

for each flexible mode.
Substituting Eq. (5) into the /th structural mode equation

and solving for the time response for t > tf, we get

0i J2,yM = - — £ BJ cos <*i(t - tj)
co/ .7 = 0

(12)

i= - — cos co/(f - tn) Jj £/ cos a>i(tj - tn)

4- sin «/(/ - tn) £ Bj sin «,-(/• - tn)
7 = 0

It can be shown that the following constraint equation for
each mode

(13)

is always satisfied for any bang-bang input that is symmetric
about the midmaneuver time tn. Consequently, we have the
following flexible mode constraints for no residual structural
vibration [i.e., _y / ( / ) = 0 for t>tf]\

7 = 0

for each flexible mode.

(14)

Parameter Optimization Problem
For a spring-mass system of n degress of freedom, the time-

optimal solution represented by Eq. (5) has the (2n — 1) un-
known switching times and the final time //to be determined.
The time-optimal control problem can now be formulated as a
constrained parameter optimization problem as follows.

Determine a control of the form given by Eq. (5) that mini-
mizes the final time if subject to

2 J=Q

= 1,"- ,2n

(15a)

(15b)

where tf = t2n .
Remark: Note that 0/ (/ = 2, • • • , « ) do not appear in Eqs.

(15); that is, the optimal solution to this problem is indepen-
dent of the flexible mode shapes. In other words, the time-
optimal control input is independent of actuator location for
a system described by Eqs. (3) with a scalar input.

Standard optimization packages can be used to obtain the
solution of the previous optimization problem. The major ad-
vantage of the proposed approach, compared to other direct
numerical optimization approaches employed in Refs. 11-14
for the time-optimal control problem, is that some robustness
constraints with respect to plant parameter uncertainty can be
augmented easily. This subject will be discussed in detail in
Sec. III.

Sufficient Conditions for Optimality
Equations (15) are necessary conditions for time-optimal

control, and sufficient conditions for optimality can be
checked as follows.

Let the costate vector corresponding to the modal state vec-
tor [y\,y\,uyi,y2> -• ̂ nyn,yn]T \>Q defined as

' • • > Pn(t), Qn(t)}T (16)

It is shown in Ref . 8 that at midmaneuver we have

X(^)=[A(^), 0, p2(tn), 0, - . - , pn(tn), 0]T (17)

and, thus, the costate vector can be solved as

(18)

for each flexible mode. Then Pt(tn), for / = ! , • • - , « , can be
found from the following n linear equations:

X-pKfJ sinco/f, , =0 (19)

Ql(t)= ~(t-tn)p}(tn)

Pi(t) = Pi(tn) COS C0/(f - tn)

qt(t)= -Pi(tn)

<t>\P\(tn)(tj - tn) + L <t>iPi(tn) sin «,•(*,• -tn) = 0 (20)
i = 2

where j = n + 1,-- ,2n — 1.
The solution obtained by minimizing tf subject to Eqs. (15)

becomes time optimal provided that

S(t)= - (21)

for t 6 (tn,t2n) and t^tj\ j = n + l , - - - , 2 « , and S(t) repre-
sents the switching function.
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Remark: If modal frequencies are rational multiples of
each other and the fundamental frequency u2 satisfies the fol-
lowing relationship

x2

— 2/7T y\(tf)'
= 1 , 2 , - • • (22)

then the time-optimal solution has only one switch and is
equivalent to the solution of a "rigidized" case.

Example: Case 1 with a Scalar Control Input
Consider a simple example, shown in Fig. 1, which is a

generic representation of a flexible spacecraft with a rigid-
body mode and one flexible mode. Case 1 with a scalar control
input u(t) is considered here. The equations of motion are

k(x\ -x2) = u\ = u

m2x'2 — k(x\ —x2) = u2 — 0

(23a)

(23b)

where x\ and x2 are the positions of body 1 and body 2,
respectively, and the nominal parameters are mi = m2 = k = 1
with appropriate units, and time is in seconds.

The boundary conditions for a rest-to-rest maneuver are
given as

= x2(0) = 0, X l ( t f ) = x2(tf) = 1

*,(()) = *2(0) = 0, X l ( t f ) = x2(tf) = 0

The modal equations are

yl = u/2

y2 + cx)2>;2 = u/2

(24)

(25a)

(25b)

where o; = V2 rad/s is the nominal flexible mode frequency.
The corresponding boundary conditions for modal coordi-
nates are

yi(tf)=l,

>i(0) = >2(0) = 0, = 0
(26)

Since there are three switches, the time-optimal switch pat-
tern for the given boundary conditions is represented as

B = [Bo, B\, B2, #3, #4]

= (1, -2, 2, -2, 1]

T=[t0, tl9 t2, /3, M

with the symmetry conditions

O_Q_ _Q_O

Case 1: - l < U j < 1; u 2 = Q

Case 2: 0< u, < 1; -1 < u 2< Q
Fig. 1 Generic model with a rigid-body mode and one flexible mode.
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Time-optimal control input U

t f = 4.22
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Fig. 2 Responses to time-optimal control input (case 1).

The time-optimal control problem is then formulated as the
following constrained minimization problem:

(27)

subject to

1 - 2 cos co(/2 - ti) + cos co/2 = 0

ti, t2>0

A standard IMSL FORTRAN subroutine was used to obtain
a solution as t\ = 1.003 and /2 = 2.109. The computed solution
satisfies the optimality conditions of Eq. (21); i.e., the switch-
ing function vanishes only at t = t\, t2, and /3. Thus, the solu-
tion obtained via Eq. (27) is indeed time optimal and it can be
expressed as

u ( t ) = us(t) - 2us(t - 1.003) + 2us(t -2.109)

- 2us(t - 3.215) + us(t - 4.218) (28)

The time responses of x2 to the time-optimal control input
are shown in Fig. 2 for four different values of A:. It can be
seen that the resulting responses are sensitive to variations in
the model parameter k.

III. Robust Time-Optimal Control
As discussed in the preceding section, a standard, time-opti-

mal control approach requires an accurate mathematical
model, and thus, the resulting solution is often sensitive to
plant modeling uncertainty.

In this section, a new approach, expanding on the approach
introduced in Sec. II, is developed for computing time-optimal
control inputs for the single-axis, rest-to-rest maneuvering
problem of flexible spacecraft in the presence of structural
mode frequency uncertainty. A parameter optimization prob-
lem, where the objective function to be minimized is the ma-
neuvering time, is formulated with additional constraints for
robustness with respect to the structural frequency uncer-
tainty. The resulting robustified, time-optimal solution is a
multiswitch bang-bang control and is thus implementable for
spacecraft equipped with on-off reaction jets.7
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Robustness Constraints
By taking the derivative of Eqs. (12) with respect to co/, we

get

dco/ co/
(29)

for each flexible mode. Letting d>>;(f )/du,- = 0 for all ? > //, we
have

J = 2,- . , / i (30)
2/ y

which is called the first-order robustness constraints.
Similarly, taking the derivative of Eqs. (12) r/ times with

respect to co/ results in r/th-order robustness constraints for
each flexible mode as follows:

(3 la)

2" I tf\m I tf\
E ( * / - ) BJ cos w/ l tj--j =0 for m = 2,4, • • • < / • /
"A 2/ V 2/ (31b)

There are total r robustness constraints for (n — I) flexible
modes, where

r = £ r, (32)

If these robustness constraints are included in the con-
strained minimization problem formulation described by Eqs.
(15), the number of switches in the bang-bang control input, in
most cases, must be increased to match the number of the
constraint equations. Because of the symmetric nature of the
rest-to-rest maneuvering problem, adding one robustness con-
straint will require, at least, two more switches.

Robust Time-Optimal Control
If r robustness constraints are considered for a flexible

spacecraft of n modes, the corresponding robustified bang-
bang control input becomes

ii(0= E (33)

8 10 12 14
Time (sec)

Fig. 3 Responses to robust time-optimal control input (case 1).

which has 2(n +r) unknown switching times. Because of the
symmetry property of the optimal solution for the rest-to-rest
maneuvering problem, we have

j = ! , • • • , / ? + r (34)

Therefore, there are only (n + r) unknowns to be determined
in Eq. (33). These unknowns can be determined by minimizing
tf subject to the (n + r) constraint equations: one positioning
constraint for the rigid-body mode, (n — I) no-vibration con-
straints, and r robustness constraints.

Although many theoretical issues (e.g., the uniqueness of
the optimal solution) need to be explored, a solution can be
obtained by solving the following constrained parameter opti-
mization problem:

minJ = tf = (35)

subject to

£
7 = 0

2(n + r)

E (tj-tn+r)
7 = 0

for m — 1,3, •

E (tj - tn + r)mBj cos Ui(tj -tn + r) = Q
7 = 0

for m = 2,4, • • • < i

for each flexible mode. The resulting bang-bang control input,
which has 2r more switches than the time-optimal bang-bang
solution of Sec. II, is called a robust (or robustified) time-
optimal solution in this paper.

Example: Case 1 with a Scalar Control Input
For case 1 , the time-optimal control is a three-switch bang-

bang function, but the resulting responses were shown to be
sensitive to variations in model parameter k. A robust time-
optimal solution of the same problem is now developed as
follows. The switching pattern for a case with the first-order
robustness constraint is assumed as

B = [Bo, B\, B2, #3> ^

= {l, -2, 2, -2, 2,

T=(t0, tl9 t2, /3, *4,

with the symmetry conditions

t4 = 2t3-t2

ts - 2/3 - f i

-2, l) (36a)

(36b)

(37)

The constrained optimization problem with the first-order
robustness constraint can be formulated as

subject to

2 + 1t\ - 2t2 - t\ - 4f ! t3 + 4/2^3 = 0

(38)

(39a)
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3 - ^2) - 1 = 0 (39b)

(39c)

A robust time-optimal solution with five switches can be found
as

cos ut3 - 2 cos o>(f 3 - /i) + 2 cos

t3 sin «f 3 - 2(/3 - ^j) sin o>(/3 - /j)

+ 2(/3 - f 2) sin co(f 3 - f 2) = 0

tl = 0.7124,

/3 - 2.9330,

/5 = 5.1536,

t2= 1.6563

/4 = 4.2097

/6 - 5.8660

(40)

The time responses of x2 to this robustified time-optimal
control input are shown in Fig. 3 for four different values of
k. It can be seen that the resulting responses are less sensitive
to parameter variations, compared to the responses to the
ideal, time-optimal control input as shown in Fig. 2. Perfor-
mance robustness has been increased at the expense of the
increased maneuvering time of 5.866 s, comparing to the ideal
minimum time of 4.218 s. It is, however, emphasized that
simply prolonging the maneuver time does not help to reduce
residual structural vibrations caused by modeling uncertainty.

Remarks: An impulse-sequence shaping technique, devel-
oped by Singer and Seering,1*2 was employed by Wie and Liu3

to preshape the ideal, time-optimal control input given in Eq.
(28). For example, the two-impulse preshaped bang-bang com-
mand was obtained as

u ( t ) = O.Sw^O - us(t - 1.003) + us(t -2.109)

+ 0.5us(t - 2.221) - us(t - 3.215)

- us(t - 3.224) + 0.5us(t - 4.218)

+ us(t -4.330) - us(t - 5.436)

+ 0.5w5('- 6.439) (41)

This preshaped input takes values of ±1.0 and ±0.5 and the
resulting response becomes less sensitive to flexible mode fre-
quency variations as demonstrated in Ref. 3.

For case 1, the time response to the time-optimal input of
Eq. (28), the robust time-optimal input of Fig. 3, and the

10

1- Time-optimal bang-bang (Fig. 2)
2- Robust five-switch bang-bang (Fig. 3)
3- Two-impulse preshaped bang-bang (Ref. 3)
4- Three-impulse preshaped bang-bang (Ref. 3)

0.5 1 1.5
Maneuver Distance Xj (t f)

Fig. 4 Comparison of maneuvering time.

0.5

0.4

0.3

0.2

0.1

Residual Vibration Amplitude for y

1- Time-optimal bang-bang (Fig. 2)
2- Robust five-switch bang-bang (Fig. 3)
3- Two-impulse preshaped bang-bang (Ref. 3)
4- Three-impulse preshaped bang-bang (Ref. 3)

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Spring Stiffness k

Fig. 5 Comparison of parameter sensitivity.

preshaped inputs in Ref. 3 can be compared as shown in
Figs. 4 and 5. Comparisons of the maneuvering times of four
different control schemes are illustrated in Fig. 4. Parameter
robustness with respect to spring constant variations is
compared in Fig. 5. From these figures, it is evident that
the proposed approach of this paper provides a faster and
more robust maneuver than other robustified feed-forward
approaches. Also, unlike other approaches in Refs. 1-6, the
resulting solution of our new approach is a multiswitch bang-
bang control that can be implemented for spacecraft with on-
off reaction jets.

In the next section, we will consider a case with two one-
sided control inputs in order to further explore a time-optimal
actuator placement problem.

IV. Case with Two One-Sided Control Inputs
Problem Formulation

Consider case 2, illustrated in Fig. 1, with two one-sided
control inputs bounded as

0< ui < +1 (42a)

(42b)

Since the control inputs are one sided, each control input for
the time-optimal solution need not be an odd function about
the midmaneuver time. Thus, the problem with one-sided con-
trol inputs becomes more difficult to solve than the standard
problem with two-sided control inputs, and many theoretical
issues (e.g., the uniqueness and structure of time-optimal solu-
tions) need further investigation.

For case 2, the modal equations of the system with nominal
parameter values are

(43a)

(43b)

where a; = V2 rad/s is the nominal flexible mode frequency.
For the control input constraint given by Eqs. (42), the

control inputs can be expressed as
-

"1= £ [us(t-tj)-us(t-tj-Aj)]
• •0,2,4,

N

(44a)

= - £ [us(t- tj) - us(t - tj - Ay)] (44b)
7=1,3,5, ' • •
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-1 -

, u l
AO A 2 AN-

t

tl t3 tN t

A,

Fig. 6 Pulse sequences (case 2).

which is in the form of one-sided pulse sequences, as shown in
Fig. 6. Theyth pulse starts at tj and ends at (tj + Ay). Because
of the symmetric nature of the rest-to-rest maneuvering prob-
lem, we assume that u\ and u2 have the same number of pulses,
(N + l)/2, where N is defined as in Fig. 6.

Substituting Eqs. (44) into Eq. (43a) and solving for the time
response of the rigid-body mode, we get

=V4 £ (-iy[2fA7--2f;A;-AJl (45)
7 = 0

For the desired boundary condition, yi(t>tf)=\, the follow-
ing constraint must hold:

£ ( - l V A ; = 0
7 = 0

(46)

The positioning constraint for the rigid-body mode then be-
comes

N

7 = 0
(47)

Substituting Eqs. (44) into Eq. (43b) and solving for the time
response of the flexible mode, we get

= - l/4 cos 03 1 £ [cos 03 tj - cos O3(tj + Ay)]
7 = 0

— l/4 sin ut £ [sin 03 tj — sin O3(tj + A/)]
7 = 0 l (48)

for t>tf.
Also, rest-to-rest maneuvering requires y2(t) = Q f°r ^ — tf,

i.e., we have

£ [cos as tj - cos O3(tj + Ay)] = 0

£ [sin 03 tj - sin co(// -f Ay)] = 0
7 = 0

(49a)

(49b)

which become the no-vibration constraints for the rest-to-rest
maneuvering problem.

Time-Optimal Control
Let the time-optimal control inputs for the rest-to-rest ma-

neuver problem be of the form

of A, t\ is defined as shown in Fig. 6, and the maneuver time
// = /1 + A.

The rest-to-rest maneuver constraints can be obtained from
Eqs. (47) and (49) as

tf - (2/A) - A - 0 (50a)

sin(a>(/-/2) + sin [o>(A - tf/2)] = 0 (50b)

which can be combined as
sin(o;A/2) cos [co/(2A>] =0 (51)

The time-optimal solution can then be obtained by solving
the constrained minimization problem:

min/ = tf = (2/A) + A

subject to the constraint given by Eq. (51).
The solution of this problem can be found as

(52)

A = 0.9003 //• = 3.1218

The time responses of x2 to the time-optimal control inputs
are shown in Fig. 7 for four different values of k. The maneu-
ver time and control-on time are, respectively, 3.12 and 1.8 s.
As expected, the resulting responses are sensitive to parameter
variations.

Remark: A most interesting feature of this solution is that
the overall input shape shown in Fig. 7 is of a bang-off-bang
type, resulting in the control-on time of 1.8 s, which is differ-
ent from the maneuver time tf of 3.12 s. For case 1 and a
rigidized case,3 both the maneuver time and control-on time
are 4.218 and 2.828 s, respectively. Therefore, the actuator
configuration for case 2 is considered to be optimal in the sense
of minimizing both the maneuver time and control-on time.

Robust Time-Optimal Control
Similar to case 1 in Sec. II, we now consider the robustifi-

cation of the time-optimal solution obtained in the preceding
section.

Letting the derivative of Eq. (48) with respect to co be zero,
we get

dv N

~P = - 1A sin ut £ \tj cos wtj - (tj + A/) cos u(t, + A7-)lr\/.\ n L -Jdco

+ l/4 cos 031 £ \tj sin O3tj - (tj + A/) sin co((/ + Ay)]
7 = 0

= 0 (53)

x2

1.2

0.8

0.6

0.4

0.2

1.0

0.0

— — — — • k = 0.9
............ k = 0.8
— - — - — - k = 0.7

Time-optimal control inputs

10.90 2.22 3.12

1 2 3
Tune (sec)

where each input has a single pulse with the same pulse width

0 2 4 6 8 10 12 14

Time (sec)
Fig. 7 Responses to time-optimal control inputs (case 2).
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For this derivative to be zero for arbitrary t > tf, we must have
N

[tj cos wtj ~ ( t j + Ay) cos w(tj + Ay)] = 0 (54a)

[tj sin wtj - (tj + Ay) sin w(f; + Ay)] = 0 (54b)

which are called the first-order robustness constraints.
Taking the derivative of Eq. (48) r times with respect to co,

we get the rth-order robustness constraint equations for input
pulse sequences as follows:

7 = 0
[sin tj - sin <o(// + Ay)] = 0

7 = 0

N

[(tj)m cos wtj - (tj + Ay)w cos a(tj + Ay)] - 0 (55)

\(tj)m sin utj - (tj + Ay)w sin co(f/ + Ay)] = 0 (56)

for m = 1,2, • • - , / * .
As an example, we consider the first-order robustness con-

straint, incorporated with the rest-to-rest maneuver con-
straints, to construct robust time-optimal pulse sequences. As-
suming that each input has two pulses, we can represent the
control inputs as follows:

w, = Us(t) - us(t - AO) + us(t- 12) - us(t - /2 - A2) (57a)

u2= - us(t - tj + us(t - tl - AO - us(t - 13)

+ M J ( f - f 3 - A 3 ) (57b)

in which we have seven unknowns to be determined, and tj
and Ay are defined as shown in Fig. 6.

The robust time-optimal solution can then be obtained by
solving the constrained parameter optimization problem

subject to

min/ =

A0 - AI + A2 - A3 + A4 = 0

(58)

7 = 0

3

[cos cof/ - cos w(tj + Ay)] = 0

x2

1.2

0.8 -

0.6

0.4

0.2

— — — — • k = 0.9

— • — " — • k = 0.7

Robust time-optimal control inputs

n
Lk LI

0 1 2 3 4 5 6
Time (sec)

0 2 4 6 8 10 12 14

Time (sec)

Fig. 8 Responses to robust time-optimal control inputs (case 2).

[tj COS 03 tj - (tj + Ay) COS <j)(tj + Ay)] = 0

\tj sin wtj - (tj + Ay) sin o>(/y + Ay)] = 0

A y > 0 ; j = 0,1, 2,3

7 = 0

3

£
7 = 0

The solution to this problem can be obtained as

t0 = 0.0000, A0 = 0.4274

ti = 2.3357, A! = 0.4329

f 2 = 2.1132, A2 = 0.4329

t3 = 4.4544, A3 = 0.4274

(59)

The time responses of x2 to the robust time-optimal control
inputs are shown in Fig. 8 for four different values of k. It is
seen that the robustness has been increased at the expense of
the increased maneuvering time of 4.882 s, compared to the
ideal minimum time of 3.122 s. However, note that the con-
trol-on time is only 1.721 s, compared to the control-on time
of 1.8 s of the ideal, time-optimal solution.

V. Conclusions
A new approach to the robust time-optimal control of un-

certain flexible spacecraft has been investigated. The unique
feature of the proposed approach is the fairly straightforward
incorporation of the robustness constraints into a standard
parameter optimization problem, where the objective function
to be minimized is the maneuvering time. The case with two
one-sided control inputs has shown an interesting feature from
the viewpoint of optimal actuator placement for minimizing
both the maneuver time and control-on time.
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